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MAXIMAL COVERS OF FINITE GROUPS
IGOR LIMA, RAIMUNDO BASTOS, AND JOSE´ R. ROGE´RIO
Abstract. Let λ(G) be the maximum number of subgroups in an
irredundant covering of the finite group G. We prove that if G is
a group with λ(G) 6 6, then G is supersolvable. We also describe
the structure of the groups G with λ(G) = 6. Moreover, we show
that if G is a group with λ(G) 6 30, then G is solvable.
1. Introduction
Throughout this paper all groups are finite. Let G be a group. The
subgroups X1, X2, ..., Xn, n ≥ 2, form a covering of G if
n⋃
i=1
Xi = G .
A covering is said to be irredundant if none of the subgroups can be
removed, i.e.
Xi *
n⋃
j 6=i
Xj ,
for all i = 1, 2, ..., n. If {Xi}
n
i=1 is an irredudant covering of G by sub-
groups, it is natural to ask what information about G can be deduced
from properties of the subgroups Xi and the size n.
The study of the coverings of a group by its subgroups dates back to
1926, when G. Scorza [16] proved that a group G admits an irredundant
covering by 3 subgroups if and only if it has a normal subgroup N such
that G/N ∼= C2 × C2. Since then, several authors have been working
on problems involving group coverings in various settings. J. Cohn [7]
defined σ(G) as the minimal number of subgroups in an irredundant
covering of the non-cyclic group G. He outlined the basic properties of
σ(G), classified the groups with σ(G) = 3, 4, 5 and observed other in-
triguing properties of this function, for instance, that apparently there
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were no groups G for which σ(G) = 7. He went further and conjec-
tured that if G is a non-cyclic soluble group then σ(G) = pa + 1, with
p prime and a ∈ N. Both of these conjectures were later proved by
M. Tomkinson in [19]. More recently, A. Abdollahi et al. [1] gave a
complete classification of the groups with σ(G) = 6, while J. Zhang
[20] proved the non-existence of finite groups with σ(G) = 11, 13 and
showed that σ
(
PSL(2, 7)
)
= 15. Other papers that contributed to this
theory of minimal coverings over the last decades are [2], [3], [5], [6]
and [12].
In [4], R. Brodie considered a slightly different problem. He classified
the groups G that have exactly one irredundant covering by proper
subgroups (see also [11, 15] for more details). In [15], appeared another
extremal variant of the covering problem. For a group G, define the
function λ(G) as the maximum number of subgroups in an irredundant
covering of G. In the same paper, the third named author proved the
basic properties of λ(G), also presented a description of groups with
λ(G) = 3, 4, 5 and study the structure of groups G admitting only
one-sized coverings, i.e., such that σ(G) = λ(G). In [9], M. Garonzi
and A. Lucchini gave a complete description of groups admitting only
one-sized covering.
In the present paper we want to study the structure of group G in
terms of the number λ(G). We obtain the following related results.
Theorem A. Let G be a group with λ(G) 6 6. Then G is supersolv-
able.
Note that groups with λ(G) = 7 can be non-supersolvable. For in-
stance, λ(A4) = 7. In the next two results, we classify the structure of
groups G with λ(G) = 6.
Theorem B. Let G be a nilpotent group with λ(G) = 6. Then G ∼=
P × Cn, where P is a Sylow p-subgroup and p does not divides n.
Moreover, G is isomorphic to one of the following:
(a) C4 × C4 × Cn, where n is an odd positive integer;
(b) C5 × C5 × Cn, where 5 does not divide n;
(c) C3 × C9 × Cn, where 3 does not divide n;
(d) R3 × Cn, where R3 ∼= 〈a, b | a
9 = 1 = b3, ab = a4〉 and 3 does
not divides n;
(e) G ∼= C2 × C16 × Cn, where n is an odd positive integer;
(f) G ∼= T5×Cn, where T5 = 〈a, b | a
16 = 1 = b2, ab = a9〉 and n is
an odd positive integer.
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Theorem C. Let G be a non-nilpotent group with λ(G) = 6. Then G
is isomorphic to one of the following:
(a) 〈a, b | a5 = 1 = bn, ab = a4〉, where 4n ≡ 1 (mod 5) and 5 ∤ n;
(b) 〈a, b | a5 = 1 = bn, ab = a2〉, where 2n ≡ 1 (mod 5) and 5 ∤ n
and 4 | n;
(c) 〈a, b | a5 = 1 = bn, ab = a3〉, where 3n ≡ 1 (mod 5), 5 ∤ n and
4 | n;
(d) 〈a, b | a3n = 1 = b6n, ab = an+1, a3 = b6〉, where 3 | n or
3 | (n+ 2);
(e) 〈a, b | a3n = 1 = b6n, ab = a2n+1, a3 = b6〉, where 3 | n or
3 | (n+ 1);
(f) 〈a, b | a3n = 1 = b6n, a3 = b6, ab = an+1〉, where 2 | n, 3 | n or
3 | (n+ 2);
(g) 〈a, b | a3n = 1 = b6n, a3 = b6, ab = a2n+1〉, where 2 | n and
3 ∤ (n+ 2).
In the next result we provides a solubility criterion for a group G in
terms of the λ(G).
Theorem D. Let G be a group with λ(G) 6 30. Then G is solvable.
Note that groups with λ(G) = 31 can be non-solvable. For instance,
λ(A5) = 31 (see also Remark 5.4 for more examples).
The paper is organized as follows. In the next section we collect
results in the context of irredundant covers of groups. In the third sec-
tion we present the proof of Theorem A, where we give a supersolubility
criterion for groups in terms of the λ(G). Section 4 is devoted to the
description of groups with exactly λ(G) = 6 (Theorems B and C). In
Section 5 we present two solvability criteria for groups in terms of the
number of cyclic subgroups of G (Theorem D and Corollary 5.5).
2. Preliminary results
We say that the subgroup 〈x〉 of the group G is maximal cyclic if
there is no cyclic subgroup 〈y〉 in G such that 〈x〉 < 〈y〉. In the first
lemma we collect some results which can be found in [15].
Proposition 2.1. ([15, Propositions 4 and 5]) Let G and W be finite
groups.
(i) If H1, . . . , Hn be the maximal cyclic subgroups of G, then ∪
n
i=1Hi
is an irredundant covering of G and λ(G) = n. Moreover,
∪ni=1Hi is the unique covering by proper subgroups of G if and
only if Hi is a maximal subgroup of G, i = 1, . . . , n
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(ii) For any subgroup H ≤ G, we have λ(H) ≤ λ(G).
(iii) IfM E G, then λ
(
G
M
)
≤ λ(G). For N =
λ⋂
i=1
Hi, where λ = λ(G)
and H1, H2, ..., Hλ are the maximal cyclic subgroups of G, we
have N is a central subgroup of G and λ
(
G
N
)
= λ(G).
(iv) If each maximal cyclic is a maximal subgroup, then λ
(
G
Φ(G)
)
=
λ(G), where Φ(G) is the Frattini subgroup of G.
(v) We have λ(G×W ) ≥ λ(G)λ(W ). Equality is true if gcd (|G| , |W |) =
1.
For every positive integer n > 3, denote by f(n) the largest index
|G : D|, where G is a group with an irredundant cover X1, . . . , Xn and
which D = ∩ni=1Xi. In this context it is known the following values to
the function f .
Proposition 2.2. (a) ([16]) f(3) = 4;
(b) ([18]) f(4) = 9;
(c) ([5]) f(5) = 16;
(d) ([1, Theorem D]) f(6) = 36.
For arbitrary numbers there are bounds for the values of the function
f , but the precise value is unknown (for more details see [18]).
Lemma 2.3. (J. Cohn [7])
(a) If
n⋃
i=1
Xi is an irredundant covering of the group G, then |G| ≤
n∑
i=2
|Xi| .
(b) Let n be a positive integer and G a group with λ(G) = n. Then
there exists a cyclic subgroup H of G whose index is at most
n− 1.
We need the following result, due to Bryce, Fedri and Serena [5].
Lemma 2.4. Let X1, X2, . . . , Xm be an irredundant cover of a group
G whose intersection is D. If p is a prime, x a p-element of G and
|{i : x ∈ Xi}| = n, then either x ∈ D or p 6 m− n.
The following remark give us λ(G) for particular abelian groups (see
[15, Proposition 6]).
Remark 2.5. Let k > 1. Then λ(Cp × Cpk) = kp − k + 2; λ(Cp ×
Cp × Cpk) = kp
2 + p− k + 2; λ(Cp2 × Cpk) = (k − 1)p
2 − (k − 3)p and
λ(Cp × Cp3 × Cpk) = (k − 1)p
3 + 2p2 − (k − 2)p.
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3. Supersolvability criterion
As usual, for a group G we denote by pi(G) the set of prime divisors
of the order of elements of G. If a group G has pi(G) = pi, then we
say that G is a pi-group. Throughout the rest of the paper for every
group G with λ(G) = m, the subgroups H1, H2, . . . , Hm stands the
set of maximal cyclic subgroups of G, N = ∩mi=1Hi and G = G/N . In
particular, we can assume that |Hi| > |Hi+1|, for i ∈ {1, 2, . . . , m}.
The goal of this section is to obtain a supersolvability criterion for
groups in terms of λ(G). The key result is restrict the possibilities of
the order |G|, when λ(G) = 6.
Lemma 3.1. Let G be a group with λ(G) = 6. Then
(a) The order |G| is at most 36;
(b) The quotient group G is a {2, 3, 5}-group.
Proof. (a). Since the maximal cyclic subgroups H1, H2, H3, H4, H5, H6
form an irredundant cover of G, we conclude that |G| 6 36 (Proposi-
tion 2.2(d)).
(b). If p ∈ pi(G) and x ∈ G such that the order |xN | = p, then
p 6 m − n 6 6 − n 6 6 (Lemma 2.4), where n = |{i : x ∈ Hi}|.
Consequently, pi(G) ⊆ {2, 3, 5}. In particular, the order |G| 6 36 and
G is a {2, 3, 5}-group (Lemma 3.1), which completes the proof. 
Lemma 3.2. Let G be a group with λ(G) = 6. Then
|G| 6∈ {2, 3, 5, 7, 11, 13, 15, 17, 19, 23, 29}.
Proof. By Proposition 2.1 (ii), λ(G) = λ(G). From this we can deduce
that G cannot be cyclic. In particular,
|G| 6∈ {2, 3, 5, 7, 11, 13, 15, 17, 19, 23, 29},
which completes the proof. 
Lemma 3.3. Let G be a group with λ(G) = 6. Then
|G| 6∈ {4, 6, 8, 12, 24, 30}.
Proof. Without loss of generality we can assume G is not cyclic (Propo-
sition 2.1 (ii)).
(Case |G| = 4). Then G is isomorphic to C2 ×C2. But λ(C2 ×C2) = 3
and therefore this case does not occur.
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(Case |G| = 6). Then G is isomorphic to S3. However, λ(S3) = 4 and
we can discart this case.
(Case |G| = 8). Then G is isomorphic to one of the following groups
C2 × C4, C2 × C2 × C2, D4 or Q8. Note that λ(C2 × C4) = 4, λ(C2 ×
C2×C2) = 7, λ(Q8) = 3 and λ(D4) = 5. Hence this case does not occur.
(Case |G| = 12). Then G is isomorphic to one of the following C2×C2×
C3, D6, A4 or T = 〈a, b| a
3 = b4 = 1, ab = a−1〉. Thus, λ(C2×C2×C3) =
3, λ(D6) = λ(A4) = 7 and λ(T ) = 4. Consequently, this case does not
happen.
(Case |G| = 24). If G is abelian and noncyclic, then G is isomorphic to
one of the following
C2 × C2 × C2 × C3, C2 × C4 × C3.
By Remark 2.5, λ(C2 × C2 × C2 × C3) = 7 and λ(C2 × C4 × C3) = 4.
Now, assume that G is non-abelian. Hence G is isomorphic to one of
the following
D12, S4, C4×S3, SL(2, 3), C3×Q8, C2×D6, C2×A4, C3×D4, L, T,Q,M ,
where L = 〈a, b| a3 = 1 = b8, ab = a−1〉, T = 〈a, b, c| a2 = 1 = b2 =
c3 = (ba)4, ca = c−1, cb = c〉, Q = 〈a, b| a12 = 1 = b4, a6 = b2, ab = a−1〉
and M = 〈a, b, c| 1 = a2 = b3 = c4, bcb = c, aca = c, ba = b〉. Thus,
λ(D12) = 13, λ(S4) > λ(A4) = 7, λ(C4 × S3) = 12, λ(C3 × D4) =
λ(D4) = 5, λ(C3 × Q8) = λ(Q8) = 3. We have λ(C2 × D6) > 7,
because λ(D6) = 7. We have λ(S4), λ(SL(2, 3)), λ(C2 × A4) > 7, be-
cause SL(2, 3)/Z(SL(2, 3)) = PSL(2, 3) ∼= A4, A4 is a subgroup of
A4 × C2, S4 and λ(A4) = 7. Moreover, λ(L) = 4, λ(T ) = 12, λ(Q) = 7
and λ(M) = 9. Thus, we can assume that G cannot have order 24.
(Case |G| = 30). If |G| = 30 then G is isomorphic to one of the fol-
lowing D15, S3 × C5, D5 × C3. Note that λ(S3 × C5) = λ(S3) = 4,
λ(D15) = 16 and λ(D5 × C3) = λ(D5) = 6.
So, it remains to exclude the case when G = D5×C3. Firstly, we will
prove that N = ∩6i=1Hi = Z(G). It is clear that N 6 Z(G). It remains
to prove that Z(G) 6 N . There is no lost in assume that |G : H1| = 2
and |G : Hi| = 5, i = 2, 3, 4, 5, 6. Thus, every maximal cyclic subgroup
is also maximal and so G is unique covered. Since G is non-nilpotent,
it follows that |G/Z(G)| = pq and 〈x, Z(G)〉 = 〈x〉 for every x ∈ G [11,
Theorem 2.5]. In particular, Z(G) is contained in every maximal cyclic
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subgroup Hi. Therefore
Z(G) 6
6⋂
i=1
Hi = N
and pq = |G/Z(G)| = |G| = 30, a contradiction. The proof is complete.

Combining Lemmas 3.1, 3.2 and 3.3, one obtains
Proposition 3.4. Let G be a group with λ(G) = 6. Then the order
|G| ∈ {10, 16, 18, 20, 25, 27, 32, 36}.
We obtain the list of all groups G with λ(G) = 6 and order at most
36 (using GAP [8]). This next result will be needed in the proof of
Theorem B.
Lemma 3.5. Let G be group with λ(G) = 6. If G has order at most
36, then G is isomorphic to one of the following D5, C4×C4, S3×C3,
〈a, b | a5 = 1 = b4, ab = a−1〉, 〈a, b | a5 = 1 = b4, ab = a2, [a, b] = a〉
C5×C5, R3 = 〈a, b | a
9 = 1 = b3, ab = a4〉, C3×C9, C16×C2, D5×C3,
T5 = 〈a, b | a
16 = 1 = b2, ab = a9〉 or 〈a, b, c | a3 = 1 = b3 = c4, ac =
a2, bc = b, ab = a〉.
We are ready to prove Theorem A.
Theorem A. Let G be a group with λ(G) 6 6. Then G is supersolv-
able.
Proof. Suppose that λ(G) 6 5. By [15, Theorem 1], the group G is
supersolvable.
Now, we can assume that λ(G) = 6. Let H1, . . . , H6 be the set of all
maximal cyclic subgroups of G and N = ∩6i=1Hi. By Proposition 3.4
and Lemma 3.5, the quotient G = G/N is supersolvable. By Proposi-
tion 2.1, N is a cyclic normal subgroup of G. Therefore, the group G
is supersolvable. 
Remark 3.6. Note that the above bound cannot be improved. For in-
stance, λ(A4 × Cn) = 7, where n and 6 are coprime numbers.
4. Groups with λ(G) = 6
In this section we describe the structure of groups with exactly
λ(G) = 6 (Theorems B and C). First we will examine the Theorem B in
the context of Dedekind groups. Recall that a group is said Dedekind
if every subgroup is normal (see [14, 5.3.7] for more details). Moreover,
for abbreviation, we follow the notation of [15]. More precisely,
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• Dn = 〈a, b | a
n = 1 = b2, ab = a−1〉;
• Q2n = 〈a, b | a
2n−1 = 1, a2
n−2
= b2, ab = a−1〉;
• Tn = 〈a, b | a
2n−1 = 1 = b2, ab = a1+2
n−2
〉, n ≥ 4
• Wn = 〈a, b | a
2n−1 = 1 = b2, ab = a2
n−2−1〉;
• Rn = 〈a, b | b
3 = 1 = a3
n−1
, ab = a1+3
n−2
〉
Lemma 4.1. Let G be a Dedekind group with λ(G) = 6. Then G is
abelian.
Proof. Argue by contradiction and suppose that there exists a non-
abelian Dedekind group G in which λ(G) = 6. By [14, p. 139], the
group G is isomorphic to
G ∼= Q8 × C2 × . . .× C2︸ ︷︷ ︸
n times
×A,
for some non-negative integer n and A is an abelian group of odd order.
Since λ(Q8) = 3, it follows that either n > 1 or A is a non-trivial group.
On the other hand, if n > 1 then G contains a subgroup H ∼= Q8 ×C2
and 6 = λ(G) > λ(H) = 8, a contradiction. Thus A is necessarily non-
trivial. By Proposition 2.1, 6 = λ(G) = λ(Q8)× λ(A) = 3λ(A), which
is not our case. Thus, G is abelian. 
Proposition 4.2. (Roge´rio, [15, Proposition 7])
(i) λ(Dn) = n+ 1;
(ii) λ(Q2n) = 2
n−2 + 1;
(iii) λ(Tn) = n + 1;
(iv) λ(Wn) = 2
n−3 + 2n−2 + 1.
Lemma 4.3. Let n > 3. If Rn = 〈a, b | b
3 = 1 = a3
n−1
, ab = a1+3
n−2
〉,
then λ(Rn) = 2n.
Proof. One observes that the subgroups 〈a〉, 〈b〉 and 〈a3
i
bj〉 are the
maximal cyclic subgroup of Rn, where i ∈ {0, 1, 2, . . . , n − 2} and j ∈
{1, 2}. It follow that λ(Rn) = 2(n− 1) + 2 = 2n. 
Proposition 4.4. Let G be a p-group with λ(G) = 6. Then G is
isomorphic to one the following C4×C4, C5×C5, R3, C3×C9, C16×C2
or T5.
Proof. Without loss of generality we can assume that G is not cyclic
(Proposition 2.1 (ii)) and we deduce that |G| ∈ {16, 25, 27, 32} (Propo-
sition 3.4 and Lemma 3.5).
Assume that |G| = 16. By Lemma 3.5, G = C4 × C4. Moreover, we
deduce that |G/N : Hi/N | = 4, i = 1, 2, 3, 4, 5, 6 and so, every maximal
cyclic is a normal subgroup. Consequently, G is a Dedekind group. By
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Lemma 4.1, G is abelian. Then G is isomorphic to one of the following
C2α−2 × C2 × C2, C2α−2 × C4 or C2α−1 × C2. By Remark 2.5,
• λ(C2α−2 ×C2×C2) = 2
2(α− 2) + 2+ (α− 2)+ 2 = 5α− 6 6= 6;
• λ(C2α−2 × C4) = 4(α − 3) − 2(α − 5) = 6 and so, α = 4 and
G = C4 × C4;
• λ(C2α−1×C2) = (α−1)+2 = 6 and so, α = 5 and G ∼= C16×C2.
Suppose that |G| = 25. Since λ(G) = λ(G) = 6, it follows that
G = C5 × C5. In particular, G is a 5-group and has a cyclic subgroup
of index 5. Arguing as in the previous paragraph, we deduce that G
is abelian. Hence G ∼= C5α−1 × C5. According to Remark 2.5, λ(G) =
4(α− 1) + 2 = 6 and so, α = 2. Thus, G ∼= C5 × C5.
Assume that |G| = 27. By Lemma 3.5, G is isomorphic to C3×C9 or
〈a, b | a9 = 1 = b3, ab = a4〉. In both cases, G contains a maximal cyclic
subgroup of index 3 and so, G contains a cyclic subgroup of index 3.
In particular, we can deduce that the group G is isomorphic to either
C3n−1 × C3 or Rn, where n > 3 (see [14, 5.3.4] for more details).
• If λ(C3n−1 ×C3) = (α− 1) · 3− (α− 1)+ 2 = 6, then α = 3 and
so, G ∼= C9 × C3 (Remark 2.5);
• If λ(Rn) = 2n, then n = 3 and so, G is isomorphic to R3
(Lemma 4.3).
Suppose that |G| = 32. By Lemma 3.5, G ∼= C16 × C2 or G ∼= T5. In
both cases, G contains a cyclic subgroup of index 2 and so, G contains
a maximal cyclic subgroup of index 2. By [14, 5.3.4], G is isomorphic
to one of the following, C2α, C2α−1 × C2, D2α−1 , Q2α , Tα or Wα. By
Lemma 4.2
• If λ(C2α−1 × C2) = 2(α− 1)− (α− 1) + 2 = 6, then α = 5 and
so, G is isomorphic to C16 × C2;
• If λ(Tα) = α+2 = 6, then α = 4 and so, G is isomorphic to T5;
• Note that λ(D2α−1) = 2
α−1 + 1 = 6 does not happen;
• Note that λ(Q2α) = 2
α−2 + 1 = 6 does not happen;
• Note that λ(Wα) = 2
α−3 + 2α−2 + 1 = 6 does not happen.
The result follows. 
For reader’s convenience we restate Theorem B:
Theorem B. Let G be a nilpotent group with λ(G) = 6. Then G ∼=
P × Cn, where P is a Sylow p-subgroup and p does not divides n.
Moreover, G is isomorphic to one of the following:
(a) C4 × C4 × Cn, where n is an odd positive integer;
(b) C5 × C5 × Cn, where 5 does not divide n;
(c) C3 × C9 × Cn, where 3 does not divide n;
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(d) R3 × Cn, where R3 ∼= 〈a, b | a
9 = 1 = b3, ab = a4〉 and 3 does
not divides n;
(e) G ∼= C2 × C16 × Cn, where n is an odd positive integer;
(f) G ∼= T5×Cn, where T5 = 〈a, b | a
16 = 1 = b2, ab = a9〉 and n is
an odd positive integer.
Proof. Set |G| = pn11 p
n2
2 . . . p
nr
r and P1,P2, . . . , Pr the Sylow subgroups
of G. It follows that G = P1 × . . .× Pr. By Proposition 2.1,
6 = λ(G) = λ(P1)λ(P2) . . . λ(Pr).
Since there is no groups G with λ(G) = 2, we conclude that there exists
an integer j ∈ {1, 2, . . . , r} such that G = Pj × Cn, where λ(Pj) = 6
and pj does not divide n. In particular, every Pj is a p-subgroup of a
type indicated in Proposition 4.4. The proof is complete. 
Now we will deal with Theorem C: Let G be a non-nilpotent group
with λ(G) = 6. Then G is isomorphic to one of the following:
(a) 〈a, b | a5 = 1 = bn, ab = a4〉, where 4n ≡ 1 (mod 5) and 5 ∤ n;
(b) 〈a, b | a5 = 1 = bn, ab = a2〉, where 5 ∤ n and 4 | n;
(c) 〈a, b | a5 = 1 = bn, ab = a3〉, where 5 ∤ n and 4 | n.
(d) 〈a, b | a3n = 1 = b6n, ab = an+1, a3 = b6〉, where 3 ∤ (n+ 1);
(e) 〈a, b | a3n = 1 = b6n, ab = a2n+1, a3 = b6〉, where 3 ∤ (n+ 2);
(f) 〈a, b | a3n = 1 = b6n, a3 = b6, ab = an+1〉, where 2 | n and
3 ∤ (n+ 1);
(g) 〈a, b | a3n = 1 = b6n, a3 = b6, ab = a2n+1〉, where 2 | n and
3 ∤ (n+ 2).
It is a well known result that if G is a group in which all Sylow
p-subgroups of G are cyclic, then G is metacyclic. Moreover,
G =
〈
a, b | am = 1 = bn, ab = ar
〉
,
where rn ≡ 1 (mod m), m is odd, 0 6 r < m, m and n(r − 1) are co-
prime numbers (Holder, Burnside, Zassenhaus’ Theorem [14, 10.1.10]).
Now, we start describing the structure of groups in which all Sylow
p-subgroups of G are cyclic and λ(G) = 6.
Lemma 4.5. Let G be a group with λ(G) = 6. Suppose that all Sylow
p-subgroup are cyclic. Then G is non-nilpotent. Moreover, the group G
is isomorphic to one of the following groups:
(a) 〈a, b | a5 = 1 = bn, ab = a4〉, where 4n ≡ 1 (mod 5) and 5 ∤ n;
(b) 〈a, b | a5 = 1 = bn, ab = a2〉, where 5 ∤ n and 4 | n;
(c) 〈a, b | a5 = 1 = bn, ab = a3〉, where 5 ∤ n and 4 | n.
Proof. Assume thatG is nilpotent. Since every Sylow p-subgroup ofG is
cyclic, it follows that G is cyclic and consequently, λ(G) = 1. So, we can
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assume that G is non-nilpotent. We deduce that |G| ∈ {10, 18, 20, 36}
(Proposition 3.4).
Note that if |G| ∈ {18, 36}. In both cases, by Lemma 3.5, a Sylow
3-subgroup of G is not cyclic. In particular, these cases does not occur.
So, we can assume that |G| ∈ {10, 20}.
(a). Assume that |G| = 10. Therefore G ∼= D5. It is clear that, ev-
ery Sylow p-subgroup of G is cyclic. By Holder, Burnside, Zassenhaus’
Theorem [14, 10.1.10],
G =
〈
a, b | am = 1 = bn, ab = ar
〉
,
where rn ≡ 1 (mod m), m is odd, 0 6 r < m, and m and n(r − 1)
are coprime numbers. Since λ(G) = 6, we conclude that G is not
cyclic and so 〈b〉 cannot be normal in G. In particular, Z(G) < 〈b〉.
Indeed if aibj ∈ Z(G) then aibj = (aibj)
b
= (ai)
b
bj = airbj and
air−i = 1. Therefore m | i(r − 1). Since gcd(m,n(r − 1)) = 1, we
have that m | i and thus i = 0. Thus |G : 〈b〉| = m = 5, because
N = Z(G) < 〈b〉 < G and m is odd. Moreover r = 4 and 〈b2〉 = Z(G).
So G ∼=
〈
a, b | a5 = bn = 1, ab = a4
〉
where 4n ≡ 1(mod 5) and 5 ∤ n,
because 5 and n(4− 1) are coprime numbers.
(b) and (c). Assume that |G| = 20. Then either G is isomorphic to one
of the following C20, C2 × C10, D10, Q20, 〈a, b | a
5 = 1 = b4, ab = a−1〉.
Note that λ(C20) = 1, λ(C2 × C10) = 3, λ(D10) = 11.
Consider G ∼= Q20 = 〈a, b | a
10 = 1, a5 = b2, ab = a−1〉. In this
case, we may assume that |G : H1| = 2 and |G : Hi| = 5 for each
i ∈ {2, 3, 4, 5, 6}. In particular, every maximal cyclic is also maximal
and so, G is unique covered. By [11], |G/Z(G)| = pq for some primes
p, q and 〈Z(G), x〉 is cyclic for every x ∈ G. It follows that, Z(G) 6 Hi,
for every i ∈ {1, 2, 3, 4, 5, 6}. In particular, Z(G) 6 N . On the other
hand, N 6 Z(G) and |G| = 20, which is impossible.
Now, we can assume that G ∼= 〈a, b | a5 = 1 = b4, ab = a−1〉. It is
clear that every Sylow p-subgroup of G is cyclic. By Holder, Burnside,
Zassenhaus’ Theorem [14, 10.1.10],
G =
〈
a, b | am = 1 = bn, ab = ar
〉
,
where rn ≡ 1 (mod m), m is odd, 0 6 r < m, and m and n(r − 1) are
coprime numbers. Arguing as in the proof of item (a) we deduce that
m = 5, 4 | n, 5 ∤ n and Z(G) 6 〈b〉. Moreover, N = Z(G), because
N 6 Z(G) and Z(G) = 1. Since G is not cyclic and b2 is not central,
we deduce that r ∈ {2, 3}. The proof is complete. 
We are ready to prove Theorem C.
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Proof of Theorem C. Without loss of generality we can assume G is
not cyclic (Proposition 2.1 (ii)). By Proposition 3.4,
|G| ∈ {10, 16, 18, 25, 27, 32, 36}.
Since G is non-nilpotent group and the cases |G| = 10 and 20 was
considered in Lemma 4.5, we can assume that |G| ∈ {18, 36}.
(Case |G| = 18). By Lemma 3.5, the group G is isomorphic to S3×C3.
We can deduce that all maximal cyclic subgroups of G have index 3 or
6 (Proposition 2.1). Let H1, . . . , H6 be the maximal cyclic subgroups.
More precisely, we can write |G : Hi| = 3, for i = 1, 2, 3 and |G :
Hj| = 6, j = 4, 5, 6, where H4, H5, H6 are normal subgroups of G. Then
G = H1H4 and H1 ∩ H4 = N . Set H1 = 〈b〉 and H4 = 〈a〉, n = |N |.
Therefore, we can write G = 〈a, b | a3n = 1 = b6n, ab = ar, a3 = b6〉,
for some positive integer r ∈ {2, 3, . . . , 3n − 1}. Now, we describe the
values to r in terms of n. Since ab = ar, it follows that a = ab
6
= ar
6
and so, 3n | (r6 − 1). In particular, 3 divides r3 − 1 or r3 + 1. We can
deduce that 3 divides r − 1 or r + 1. Moreover, since a3 ∈ Z(G), it
follows that a = (ab)3 = (ar)3 and so, 3n divides 3(r−1). In particular,
r − 1 = nt for some positive integer t. On the other hand, since the
order of a is 3n and r ∈ {2, 3, . . . , 3r − 1}, it follows that t = 1 or 2.
Now, assume that t = 1. Then 3 divides n or 3 divides n+2. We deduce
that:
〈a, b | a3n = 1 = b6n, ab = an+1, a3 = b6〉,
where 3 ∤ (n+1). It remains to consider the case t = 2. It follows that,
3 divides n or n + 1 and so,
〈a, b | a3n = 1 = b6n, ab = a2n+1, a3 = b6〉,
where 3 ∤ (n + 2).
(Case |G| = 36). By Lemma 3.5, the group G is isomorphic to
〈a, b, c | a3 = 1 = b3 = c4, ac = a2, bc = b, ab = a〉.
We can deduce that all maximal cyclic subgroups of G have index 3 or
6 (Proposition 2.1). Let H1, . . . , H6 be the maximal cyclic subgroups.
More precisely, we can write |G : Hi| = 3, for i = 1, 2, 3 and |G :
Hj| = 6, j = 4, 5, 6, where H4, H5, H6 are normal subgroups of G. Set
H1 = 〈b〉 and H4 = 〈a〉, n = |N |. Therefore, we can write
G = 〈a, b | a3n = 1 = b6n, ab = ar, a3 = b6〉,
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for some positive integer r ∈ {2, 3, . . . , 3n−1} and 2 divides n. Now, we
describe the values to r in terms of n. Arguing as in the Case |G| = 18
we can deduce that
• 3 divides r − 1 or r + 1;
• r − 1 = nt for some positive integer t.
On the other hand, since the order of a is 3n and r ∈ {2, 3, . . . , 3r−1},
it follows that t = 1 or 2. Now, assume that t = 1. Then 3 divides n or
3 divides n + 2. We deduce that:
〈a, b | a3n = 1 = b6n, ab = an+1, a3 = b6〉,
where 3 ∤ (n+1) and 2 divides n. It remains to consider the case t = 2.
It follows that, 3 divides n or n+ 1 and so,
〈a, b | a3n = 1 = b6n, ab = a2n+1, a3 = b6〉,
where 3 ∤ (n + 2) and 2 divides n. The result follows. 
5. Solvability criteria
In this section we prove some solvability criteria for group in terms
of λ(G). We need the following result, due to G. Zhang [21].
Theorem 5.1. There are no self-normalizing cyclic subgroups in finite
simple non-abelian groups.
The next well known result is a consequence of Cayley’s Theorem.
Lemma 5.2. Let G be a simple non-abelian group and let H be a proper
subgroup of finite index in G. Then G is isomorphic to a subgroup of
the Alternating group on the left coset space G/H.
Proof. By Cayley’s Theorem [14, 1.6.8 and 1.6.9] the simple group G ∼=
G/Core(H) is isomorphic to a subgroup N of the symmetric group
S|G|/|H| = Sym(G/H). By the simplicity of N and normality of the
Alternating group AG/H = Alt(G/H) in Sym(G/H), we have two cases
to consider. Note that Alt(G/H)∩N is normal in N and N is simple,
hence Alt(G/H) ∩ N = N or Alt(G/H) ∩ N is trivial. In the first
case, N ≤ Alt(G/H) and the result follows. Now if Alt(G/H) ∩ N is
trivial, then N ∼= NAlt(G/H)/Alt(G/H) which is a simple non-abelian
subgroup of the order two group Sym(G/H)/Alt(G/H), a contraction
and the result follows. 
Recall that if G is a group with λ(G) = n, then H1, H2, . . . , Hn
are the set of all maximal cyclic subgroups of G (Proposition 2.1). In
particular, by Lemma 2.3, the index of H2 in G is at most n− 1. Here
An denotes the Alternating group of degree n. We will denote by M11
and M12 the Mathieu groups.
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Lemma 5.3. Let G be a simple non-abelian group. Suppose that G is
isomorphic to some subgroup of An, where n ≤ 14. Then λ(G) > 31.
Proof. All simple non-abelian group is a perfect group. Therefore using
GAP [8] we compute the conjugacy classes of perfect subgroups of An
for 5 ≤ n ≤ 14 and we obtain the following representatives of simple
non-abelian subgroups
(1) n = 5 : A5;
(2) n = 6 : Ai, where 5 6 i 6 6;
(3) n = 7 : Ai and PSL(3, 2), where 5 6 i 6 7;
(4) n = 8 : Ai and PSL(3, 2), where 5 6 i 6 8;
(5) n = 9 : Ai and PSL(3, 2), where 5 6 i 6 9;
(6) n = 10 : Ai, PSL(3, 2) and PSL(2, 8), where 5 6 i 6 10;
(7) n = 11 : Ai, PSL(3, 2), PSL(2, j),M11, where 5 6 i 6 11 and
j ∈ {8, 11};
(8) n = 12 : Ai, PSL(3, 2), PSL(2, j),M11 andM12, where 5 6 i 6
12 and j ∈ {8, 11};
(9) n = 13 : Ai, PSL(3, k), PSL(2, j),M11,M12, where 5 6 i 6 13,
j ∈ {8, 11} and k ∈ {2, 3};
(10) n = 14 : Ai, PSL(3, k), PSL(2, j),M11,M12, where 5 6 i 6 14,
j = 8, 11, 13 and k ∈ {2, 3}.
Note that λ(H) ≤ λ(K) for H ≤ K. We have that A5 is a subgroup
of An, for n ≥ 5, M11, M12 and PSL(2, 11). Moreover λ(A5) = 31,
λ(PSL(3, 2)) = 57, λ(PSL(3, 3)) = 1275, λ(PSL(2, 8)) = 127, and
λ(PSL(2, 13)) = 183. It follows that there is no G ≤ An satisfying the
hypothesis. The result follows. 
Combining Theorem 5.1, Lemma 5.3 and 5.2 with some properties
of λ we have the following result.
Proof of Theorem D. Suppose that the claim is false and let G be a
counterexample of minimal order. Without loss generality we assume
that G is a simple non-abelian group. Otherwise, let N 6= 1 be a
normal subgroup of G. By the properties of λ in [15, Propositions 4
and 5]), the subgroup N and the quotient G/N are solvable because
|N |, |G/N | < |G| and λ(N), λ(G/N) ≤ λ(G), hence G is a solvable
group, a contradiction. Consequently G is a simple non-abelian group.
Let H1, . . . , Hs be the set of all maximal cyclic subgroups, where
s = λ(G) ≤ 30. By [7], the index [G : H2] ≤ s − 1 ≤ 29. Since G is a
simple group, we have [G : H2] ≤ 28, because H2 cannot be maximal
cyclic subgroup (otherwise G will be a solvable group, [13]).
By the Theorem 5.1, we have that the index [NG(H2) : H2] 6= 1
and by the simplicity of G, 2 < [G : NG(H2)] ≤ 14, hence setting
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H = NG(H2) in the Lemma 5.2, we have G ≤ An with n ≤ 14 and the
result follows of the Lemma 5.3. 
Remark 5.4. Note that groups with λ(G) = 31 can be non-solvable.
For instance, λ(A5×Cn) = 31 = λ(S5×Cn) = λ(SL(2, 5)×Cn) = 31,
for every positive integer n such that n and 30 are coprime numbers.
Note that the number of maximal cyclic subgroups of a noncyclic
groupG is exactly λ(G) (Proposition 2.1, above). In particular, it seems
natural to ask what information about G can be deduced from the
number of cyclic subgroups of G (see also [10, 17] for more details).
Here c(G) denotes the number of all cyclic subgroups of G. We obtain
the following related result.
Corollary 5.5. Let G be a group with c(G) 6 31. Then G is solvable.
Proof. There is no loss of generality in assuming that G is not cyclic.
In particular, λ(G) < c(G). Since c(G) 6 31, it follows that λ(G) 6 30
and so, G is solvable (Theorem D). The result follows. 
Note that the above bound cannot be improved. For instance, c(A5) =
32.
We conclude this paper by including another extremal variant related
to the covering problem.
Remark 5.6. In the recent paper [10] M. Garonzi and first author
studied the function α(G) = c(G)/|G|. They obtained basic proper-
ties of α(G) and its asymptotic behavior. In other words, they char-
acterized αF = max{α(G)| G ∈ F} and mF = {G ∈ F| α(G) =
αF}, where F is some family of finite groups (all finite groups, non-
abelian, non-nilpotent, non-solvable, non-supersolvable, . . .). Note that
λ(G) < c(G) and this suggests a motivation to study a new function
β(G) = λ(G)/|G| whose behavior is 0 < β(G) < α(G) ≤ 1.
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